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Abstract
In this paper, we consider solutions of the backward heat equation with Ricci flow
on manifolds as a type of infinite dimensional limit of solutions of a wave equation on
a larger manifold with an analysis of wavefront set. Specifically, the projection of the
solution of the wave equation
(
2t
N
· ∂2
∂t2
+ tR(t,x)
N
∂
∂t
−∆g˜(N)(t)
)
u = R(t, x) outside its
wavefront set onto Rt ×Mx,g(t) solves the backward heat equation ∂tu + ∆x,g(t)u =
−R(t, x) within some appropriate time interval. We discuss this approximation starting
from Euclidean case, and then extend to the open Riemannian manifold situation. This
idea partially comes from Perelman’s original papers in proving Poincare´ conjecture as
well as Terence Tao’s Notes in UCLA.
1 Introduction
It is great that Perelman proved the Poincare´ conjecture by proving Thurston’s geometriza-
tion conjecture by using Hamilton’s Ricci flow tools. In particular, [5] provided an excel-
lent new definition as a generalization of Ricci flow in order to analyze the Ricci flow with
surgery on 3 dimensional manifold better. They call it Ricci Flow Spacetime.
Definition 1.1. A Ricci Flow Spacetime is a tuple (M, t, ∂t, g) where:
(a) M is a smooth manifold with boundary;
(b) t is the time function, a submersion t :M→ I, where I ⊂ R is some time interval;
(c) The boundary of M, if it is not empty, must be denoted by ∂M = t−1(∂I);
(d) ∂t is the time vector field, which satisfies ∂tt = 1;
(e) g is a smooth inner product in spatial subbundle ker(dt) ⊂ TM, and g defines a Ricci
flow L∂tg = −2Ric(g).
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We would like then to ask an interesting question: what is the specific map t :M→ I
that one could choose so that it provides the relationship between time evolution and
the space, which indicates more information in geometry and topology of this Ricci Flow
Spacetime.
We try to consider Ricci flow as gradient flow, as Perelman stated in [8], [9], [10]. With
this setup, we can understand the non time-reversible, backward heat equation pairing
with forward Ricci flow by variable coefficient wave equation, which is time-reversible. The
main result for this paper is stated as follows.
We study the Cauchy problem of variable coefficient wave equation(
2t
N
· ∂
2
∂t2
+
tR(t, x)
N
∂
∂t
−∆g˜(N)(t)
)
u = R(t, x), (t, x, y) ∈ (0, T ]×Mx,g(t) × RNy (1)
u(T, x, y) = h(x), ut(T, x, y) = −R(T, x).
provided that h(x) ∈ C∞0 (Mx,g(t)). Here Mg(t) is the noncompact Riemannian manifold
(M,g(t)) without boundary satisfying Ricci flow g˙ = −2Ric; R(t, x) is the scalar curvature
of (M,g(t)) at x ∈M ; and the Riemannian metric g˜(N)(t) on Mx,g(t) × RNy is given by
g˜(N)(t) = dy2 ⊕ g(t).
Theorem. Let Y := (t,0 , T ) × M˜x,g(t) × BNy be any open, precompact submanifold of
X := [t0, T ]×Mx,g(t) ×RNy and the boundary of the closure of Y is C1. Assume that Ricci
flow exists at some time T > 0 and supp(R(t, x)) ∈ Y where R is the scalar curvature.
(i) for each N , there exists a radial solution u = u(N)(t, x, y) of (1) with respect to y -
coordinates, i.e. u(N)(t, x, y) = u(N)(t, x,Ay),∀A ∈ SO(N), such that the limit u(t, x) :=
limN→∞ u
(N)(t, x, y)|{t=|y|2/2N} on [t0, T ]×M˜x,g(t) exists outside points P in the projection
of wavefront set WF∞ onto (0, T ]×Mx,g(t).
(ii) Outside points in P, the limit u(t, x) ∈ [t0, T ] × M˜x,g(t) solves the backward heat
equation below
∂tu+∆x,g(t)u = −R,u(T, x) = h(x), (t, x) ∈ (0, T ]×Mx,g(t). (2)
The definition of WF∞ will be defined below, which corresponds to the wavefront set of
(1) for each N .
2 Motivation
In this section, we describe Perelman’s idea about using Hamilton’s Ricci flow to prove
Thurston’s geometrization conjecture among 3 dimensional manifolds.
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In Perelman’s original papers and other notes and related follow-ups of Perelman’s
work [4], [7], [1], especially at Section 6 of [8] and [12], [11] notes, they explained a way of
converting some naturally established backward heat equation to almost harmonic equation
when embedded original manifold (M,g(t)) into a larger space (M ×RN ×R−, g˜(n)(t)) :=
(M˜ (N), g˜(N)(t)).
In fact, the converted almost harmonic equation is exactly the wave equation with
variable coefficient. [8], [9], [10], [1], [12] mentioned that in the enlarged space M˜ (N) with
some appropriated choice of Riemannian metric, the enlarged space is almost Ricci flat.
This one indicates the validity of Bishop-Gromov inequality at least when N →∞, which
follows that the Bishop-Gromov reduced volume is nonincreasing when the radius of the
ball increases. [8], [9], [10] then introduced his famous Perelman reduced length and Perel-
man reduced volume, which has some monotonicity property, a mimic of Bishop-Gromov
reduced volume. It has been shown to play an important role in the proof of Thurston’s
geometrization conjecture in 3 dimensional manifold.
The heat equation that [8], [11] constructed relates to the understanding of Ricci flow as
a gradient flow, which is naturally corresponding to some heat equation backward in time.
The solution of this heat equation associates to the evolution of g(t) with Ricci flow. The
wave approximation with some good choice of Riemannian metric in the enlarged space is
now not only disclosing the Ricci flat property as well as the consequences above, but the
solution of the heat equation or its equivalent wave equation reveals the evolution of the
Ricci flow itself.
It follows that if we could understand the solution of the wave approximation of the
heat equation, we understand the solution of the heat equation itself on some subset of the
enlarged space; furthermore, it provided us a chance to detect the singularity of the Ricci
flow via this wave approximation, according to the detailed analysis of the wavefront set
of this variable coefficient wave equation.
The rest part of this section is to mathematically describe the picture above, the major
credits are due to Tao’s notes [12] as well Perelman’s original paper.
Remark 2.1. Note that we will use ∂tg = g˙ interchangeably without further notice. Note
also that we will freely use either dµ(t) = dµ or dvolg as the volume form of the Riemannian
manifold (M,g(t)), we will emphasize our preference in some specific situation once it is
needed.
For simplicity, we assume the evolution of Riemannian manifolds to be (M,g(t)), where
M is some compact manifold with dimM = n such that the evolution of Riemannian metric
satisfies Ricci flow
∂tg = −2Ric. (3)
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Consider the static metric (M,g) where M is compact at the time being. We know that
the heat equation could be understood as a gradient flow with the following way. For one
side, if we assume f : [0,∞) ×M → R solves the heat equation ∂tf = ∆gf , then f , as a
scalar field, is considered to be the gradient flow of the Dirichlet energy
E(f) =
1
2
∫
M
|∇f |2gdvolg.
If we choose the inner product on M is given by 〈f, g〉 = ∫M fgdvolg, then we can see that
in the sense of Fre´chet derivative
E(f + h)− E(f) = 1
2
∫
M
g(∇(f + h),∇(f + h))dvolg − 1
2
∫
M
|∇f |2gdvolg
=
∫
M
g(∇f,∇h)dvolg + 1
2
∫
M
|∇h|2gdvolg = −
∫
M
h∆gfdvolg + o(h),
provided that f, h has enough regularity. Hence it follows that if f solves the gradient flow,
then in the sense of distribution
〈−∇E(f), v〉 =
∫
M
f∆gvdvolg = 〈∆gf, v〉 = 〈∂tf, v〉.
It follows that ∂tf = −∇E(f) in the distributional sense and hence f is a gradient flow of
the Dirichlet energy. The other direction is similar and hence we conclude that solution
of heat equation is equivalent to solution of gradient flow with some appropriate choice of
energy function.
Remark 2.2. One can observe that since
d
dt
E(f) =
d
dt
(
1
2
∫
M
|∇f |2gdvolg
)
=
∫
M
−|∆gf |2dvolg = −〈∆gf, ∂tf〉.
The integrand with in the time derivative of the energy function is the expression of ∂tf ,
when f follows the gradient flow with respect to E(f). We will use this interpretation
below.
Remark 2.3. Among the derivation above, we apply integration by parts on compact
manifold due to the fact that
∫
M div(X)dµ = 0, for vector field X as section of the tangent
bundle. We can definitely extend the same integration by parts to noncompact manifold
with the integrand compactly supported.
With this observation, we are considering the Ricci flow on (M,g(t)) where M is com-
pact, t ∈ [0,∞). As [8], [10], [12] mentioned, we are trying to consider the Ricci flow as
a gradient flow, for which we could obtain one more quantity control for the evolution of
Riemannian metric.
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Following Tao’s notation in [12], [11], we define ∆L, the Hodge De-Rham Laplacian on
(0, 2) - tensor παβ to be
∆Lπαβ = ∆gπαβ + 2g
σγRiemδσαβπγδ − Ricγαπγβ − Ricγβπγα. (4)
where ∆gπαβ = ∇γ∇γπαβ is the usual connection Laplacian. Note that ∇γ is lifted from
∇β by gβγ .
Apply (4), and take the trace of the following equation
R˙icαβ = −1
2
∆Lg˙αβ − 1
2
∇α∇βtr(g˙) + 1
2
∇α∇γ g˙βγ + 1
2
∇β∇γ g˙αγ .
We obtain the first variation formula for the scalar curvature
R˙ = −Ricαβ g˙αβ −∆gtr(g˙) +∇α∇β g˙αβ . (5)
Remark 2.4. Note that here g is evolving when time changes. Furthermore, in order
to mimic the interpretation of gradient flow in Remark 2.2, we define a version of inner
product on symmetric (0, 2) - forms on (M,g) as
〈u, v〉g =
∫
M
uαβvαβdvolg. (6)
[4], [12] mentioned that based on the variational formula, we would like to see whether
the Einstein-Hilbert functional
H(M,g) =
∫
M
Rdµ (7)
⇒
∫
M
R˙dµ =
∫
M
−Ricαβ g˙αβ −∆gtr(g˙) +∇α∇β g˙αβdµ
=
∫
M
−Ricαβ g˙αβdµ, by Stokes’ Theorem
∫
M
div(X)dµ = 0
is the energy of some gradient flow. Here we use the following formula
∂tdµ(t) =
1
2
tr(g˙)dµ(t). (8)
which is obtained from the local form dµ(t) =
√
det g(t)dx1 ∧ . . . ∧ dxn. Thus using the
interpretation in Remark 2.2, it seems that the Ricci flow g˙ = −2Ric could be considered
as the gradient flow of the energy −2H. But since by (5), dµ is also a function of t, so we
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can compute from (4) that
d
dt
∫
M
Rdµ(t) =
∫
M
R˙dµ(t) +
∫
M
R
d
dt
dµ(t)
=
∫
M
(−Ricαβ g˙αβ + 1
2
Rtr(g˙))dµ(t)
=
∫
M
(−Ricαβ + 1
2
Rgαβ)g˙αβdµ(t).
Here the last term is obtained by using the definition of tr(g˙). From this, we see that the
Ricci flow is not the the gradient flow with respect to the energy H(M,g), the Einstein-
Hilbert functional. However, due to the interpretation in Remark 2.2 and the inner product
(4), we conclude that −2H corresponds to the gradient flow
g˙ = −2Ric+Rg.
where G = −Ric + 12Rg is the Einstein tensor. The issue that makes Ricci flow not to
be the gradient flow of Einstein-Hilbert functional is due to the variation of volume form
dµ(t) = dvolg(t) under time evolution. To fix this problem, we introduce some static metric
g0 with volume form dvolg0 = dm.
By Radon-Nikodym theorem, there exists a positive function, which could be denoted
by e−f , where f is also time-dependent, such that
dm = e−fdµ(t). (9)
A quick consequence of equation (9) is obtained by taking ∂t on both sides, since
d
dtdm = 0,
then using (8), we have
d
dt
dµ(t) = f˙efdm⇒ 1
2
tr(g˙)dµ(t) = f˙dµ(t)⇒ ∂tf = 1
2
tr(g˙). (10)
With this relation of Radon-Nikodym derivative, our next try is to find out gradient flow
with respect to
∫
M Rdm, and unfortunately, it is not connecting to the Ricci flow.
In Perelman’s paper and Tao’s notes [8], [9], [10], [12], they suggested the following func-
tional
Fm(M,g) =
∫
M
(|∇f |2g +R)dm. (11)
which is the summation of Einstein-Hilbert functional and a multiple of Dirichlet energy
functional.
Remark 2.5. It is a good place to remark that we took t - derivative with respect to
H(M,g), and will take it on Fm(M,g), both request the exchange with the integral sign,
they are guaranteed by dominated convergence theorem since all integrands are smooth
under a compact manifold.
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We can compute that
d
dt
∫
M
Rdm =
∫
M
(−Ricαβ g˙αβ −∆gtr(g˙) +∇α∇β g˙αβ)dm
= 〈−Ricαβ − (|∇f |2g −∆gf)gαβ + (∇αf)(∇βf)−∇α∇βf, g˙αβ〉m. (12)
d
dt
∫
M
|∇f |2gdm = 〈−∆gfgαβ + |∇f |2ggαβ − (∇αf)(∇βf), g˙αβ〉m. (13)
Combining (12) and (13), we have
d
dt
Fm(M,g) =
∫
M
(−Ricαβ −∇α∇βf)g˙αβdm. (14)
Due to the inner product of the form (6), (14) indicates that the gradient flow with respect
to the energy −2Fm(M,g) is given by
g˙αβ = −2Ricαβ − 2∇α∇βf. (15)
Taking the trace of (15), we conclude that
gαβ g˙αβ = −2gαβRicαβ − 2gαβ∇α∇βf ;
⇒tr(g˙) = −2R− 2∆gf ;
⇒∂tf = −R−∆gf. Using (10) (16)
It follows that the gradient flow with respect to the energy −2Fm(M,g) is almost Ricci
flow with an extra term with respect to f . [8], [11], and Section 9 of [4] discussed how
to consider this as a family of gradient flow modulo diffeomorphism by observing that
∇α∇βf = 12L∇fgαβ .
Remark 2.6. It follows that equation (16), ∂tf+∆gf = −R evolving f is natural backward
in time, which can be seen as follows. Substituting (15) into (14), the energy function
Fm(M,g) with respect to this heat equation has the property
d
dt
Fm(M,g) =
∫
M
(−Ricαβ −∇α∇βf)g˙αβdm
=
∫
M
(−Ricαβ −∇α∇βf)(−2Ricαβ − 2∇α∇βf)dm
= 2
∫
M
|Ric+Hess(f)|2gdm,
which can be seen is nondecreasing when forward in time. Combining this observation with
the Ricci flow, we can solve this heat equation backward on any time interval [t1, t2] ∈ [0,∞)
provided that the Ricci flow has solution at t2.
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Remark 2.7. Recall that f is given by the Radon-Nikodym derivative by dm = e−fdµ(t)
or dµ(t) = efdm, analysis of this backward heat equation indicates the evolution of the
volume form backward in time.
Remark 2.8. In Ricci flow, It seems plausible from formula (10) that ∂tf =
1
2tr(g˙) = −R.
Substitute this into equation (16), we see that (16) is equivalent to consider
∆g(t)f = 0.
So the solution of the backward equation seems corresponds to the solution of the elliptic
equation, and it seems follows that f ≡ c for some constant c since M is a compact mani-
fold. It contradicts to the evolution of the Ricci flow, especially the examples of gradient
shrinking solitons as Gaussian shrinking soliton, shrinking round sphere, etc. So where is
the problem coming from?
The issue is that the Ricci flow may not exist everywhere in M at every time t. Thus
the Laplace equation ∆g(t)f = 0 may only be defined at some subset U of M and thus the
solution of ∆g(t)f = 0 is highly characterized by topology and geometry of U , especially
the corresponding boundary conditions. This leads us to consider how the subset is
looking like.
Remark 2.9. On any time interval [t1, t2] ⊂ [0,∞), we can choose dm to be dvolg(t2)
(provided that g(t2) does exist on Ricci flow), and hence dm = dµ(t2) which implies that
ef = 1 at t = t2. From now on, we consider the Cauchy problem (14) with the initial
condition f(t2, x) = 0 on [t1, t2]×M .
If we consider the change of variables by τ = t2 − t, then we consider the backward
heat equation ∂τf(t2 − τ, x) = ±∆g(t2−τ)f(t2 − τ, x)−R with f(0, x) = 0, τ ∈ [0, t2 − t1].
3 The Analysis of Wave Approximation of Backward Heat
Equation on Ricci Flow: Part I
Let’s take a look at the backward equation (16) again. Firstly we can set t1 = 0, t2 = T
and hence we consider the pair of forward Ricci flow and backward heat equation{
g˙ = −2Ric
∂tf +∆gf = −R
, (17)
on [0, T ] ⊂ [0,∞) provided that ∂tf |t=T = −R(T ) is equal to some function, under the
Ricci flow. However, it is an issue that neither of the equations is time-reversible. Thus
the solvability of this system relies on the assumption that either the Ricci flow exists at
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some later time or the backward heat equation has initial condition at some earlier time
and flows forward in time; however, both assumptions cannot be achieved simultaneously.
This inspired us to consider a time-reversible expression of (16), which is (1) above.
All we can know or construct or set-up is the initial data (M,g(0)). It follows that we
would like to understand the Ricci flow as well as equation (16) forward in time, and ob-
viously the backward heat flow cannot support this. It inspired us to find a good way to
convert the backward heat flow to some new PDE that describes the same behavior, and
the new behavior should be time reversible so that we can use the information at initial
status, (M,g(0)). [8] indicated this in his paper with the idea below.
The point that [8], [9], [10] indicated, which also mentioned by [1], that the genius of
Grisha’s work is to embed the space R+ ×Mx into the space R+ ×Mx × SNy := R+ × M˜
with new Riemmanian metric
g˜ij = gij , g˜00 =
N
2τ
+R, g˜αβ = τgαβ , g˜0α = g˜0i = g˜βj = 0; (18)
Here i, j are indices on Mx, the original manifold, labeled by local coordinates in x; α, β
are indices on SNy with curvature
1
2N , labeled by local coordinates y, and the coordinate τ
on R+ has index 0.
[8], [1] mentioned that here τ = T − t for the T mentioned above, and hence we con-
sider the backward Ricci flow ∂τg = 2Ric on the same time interval [0, T ]. Note that if we
make this change to the backward Ricci flow, then equation (10) becomes ∂τf = −12tr(g˙)
and it follows that equation (16) becomes
−R−∆gf = 1
2
tr(g˙) = −∂τf.
which is now a standard heat equation forward in time interval [0, T ].
Remark 3.1. In this situation, we again somehow loss the information at the beginning
time. Alongside the backward Ricci flow starting at some time τ = τ0 > 0, we are not sure
whether the Ricci flow will last until, for example, τ = 0. However, again, in order to solve
the forward heat equation, we must assume that f does exist at τ = 0.
Remark 3.2. I wonder whether Perelman’s setup is absolutely correct. He mentioned in
his paper that ”the heat equation and conjugate heat equation on the original spaceM can
be interpreted as almost Laplace equation on M˜ modulo N−1”. From Tao’s observation
in [12] as well as his description, I believe that his backward Ricci flow must be on the
space R− × M˜ by shifting τ by T to the left. And his Riemannian metric is with respect
to this interpretation of τ = −t 6 0 on [−T, 0] sitting in the space R− × M˜ .
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We move on one step from Remark 3.2 relying on (cf. Tao’s ) great observation that
the Riemannian metric above could be obtained by setting τ = − |y|22N provided that the
Riemmannian metric we imposed on the new space R− × M˜ as follows
g˜(N) = dy2 +
r2
N2
R(t)dr2 + g(t), r2 =
N∑
i=1
y2i . (19)
Using the change of variables τ = − |y|22N , we can compute that
dτ2 = d(− r
2
2N
)2 = (− r
N
dr)2 =
r2
N2
dr2 =
−2τ
N
dr2 ⇒ dr2 = N−2τ dτ
2 =
N2
r2
dr2.
Plug in this to (19), we observe that
g˜(N) = dy2 +
r2
N2
R(t)dr2 + g(t) = dr2 + r2dω21 +
r2
N2
R(t)dr2 + g(t)
=
N
−2τ dτ
2 + (−2Nτ)dω21 +R(t)dτ2 + g(t)
= (
N
−2τ +R(t))dτ
2 + (−τ)dω21/2N + g(t). (20)
Which is the same as the Riemannian metric Grisha/Grigori have chosen in (18) since
τ = −|y|2/2N 6 0. Note that ωκ denotes the round metric on sphere with curvature κ.
Remark 3.3. It requires a remark here to explain what I mean by THE SAME. Note that
in Grisha’s setup, he said the enlarged space is R+× M˜ , then one way to verify this is that
people should think his τ = T − t, where we should set τ = T − |y|22N , in this case, (20) is
of the form
g˜(N) = (
N
2(T − τ) +R(t))dτ
2 + (T − τ)dω21/2N + dg(t),
which is good to consider the backward Ricci flow as well as the forward heat equation
between [0, T ]. But note that here R is a function of t and g is evolving alongside t and
t = T − τ . So if we do this change of variable, (20) in t is of the form
g˜(N) = (
N
2t
+R(t))dt2 + tdω21/2N + g(t). (21)
Hence I believe that what Grisha meant is that we embed R+t ×Mx →֒ R+t ×Mx × SNy in
the sense of forward Ricci flow and backward heat equation with the Riemannian metric
(18).
In Section 6 of Perelman’s paper [8], he stated the following statement without proof:
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Conjecture 3.1. The heat equation and conjugate heat equation on the original space
M can be interpreted as almost Laplace equation on M˜ modulo N−1 in the sense that u
satisfies the heat equation on R+ ×M if and only if u˜ satisfies ∆˜u˜ = 0 modulo N−1 on
R
+× M˜ provided that u˜, or equivalently being considered as the extension of u to R+× M˜
is constant along the SN fibers; simiarly, u satisfies the conjugate heat equation on R+×M
if and only if u˜∗ = r−
N−1
2 u˜ satisfies ∆˜u˜∗ = 0 modulo N−1 on R+ × M˜ .
Our purpose is to provide the explicit expression of this almost Laplacian equation in
the backward heat equation case, show that it is really a variable coefficient wave equation,
which is time reversible. The advantage of time reversible property has been explained
above. We will construct a toy example, proof Perelman’s conjecture [8] in this toy case,
and then extend the same proof to the backward heat equation ∂tf = −∆gf −R where g
follows the forward Ricci flow between (0, T ]. This equivalence does not only provide the
physical observation that infinite speed of propagation associated with heat equation can
be approximated by the increasing sequence of finite speed of propagations with wave flow,
but also provide us the propagation of singularities that can be revealed by wavefront set of
the wave equation. The wavefront set explained both the positions that the solution has not
enough regularity and the directions that the solution cannot decay rapidly/directions that
the solution do not have enough regularity. (which leads to the introduction of Perelman
reduced length and Perelman reduced volume, which has some monotonicity property; as
a mimic of Bishop-Gromov reduced volume and Bishop-Gromov volume comparison theo-
rem, Perelman proved the similar comparison theorem for Perelman reduced volume, and
leads to the introduction of κ - solution whose asymptotic behavior is gradient shrinking
soliton. He then use this to classify the 3 dimensional manifolds.)
To simplify the problem a little bit, we apply the change of variable t = |y|
2
2N with re-
spect to a slightly simpler metric g˜(N)(t) = dy2 + g(t) and observe that the Laplacian of
∆˜g˜(N) u˜ = 0 modulo N
−1 is exactly of the form
∆˜g˜(N) = ∆y +∆x,g(t) −
t · tr(g˙)
N
∂t (22)
From this point, we study the Cauchy problem of variable coefficient wave equation(
2t
N
· ∂
2
∂t2
+
tR(t, x)
N
∂
∂t
−∆g˜(N)(t)
)
u = R(t, x), (t, x, y) ∈ (0, T ] ×Mx,g(t) × RNy (23)
u(T, x, y) = h(x), ut(T, x, y) = −R(T, x).
provided that h(x) ∈ C∞0 (Mx,g(t)). Here Mg(t) is the noncompact Riemannian manifold
(M,g(t)) without boundary satisfying Ricci flow g˙ = −2Ric; R(t, x) is the scalar curvature
of (M,g(t)) at x ∈M ; and the Riemannian metric g˜(N)(t) on Mx,g(t) × RNy is given by
g˜(N)(t) = dy2 ⊕ g(t).
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Theorem 3.1. Let Y := (t,0 , T ) × M˜x,g(t) ×BNy be any open, precompact submanifold of
X := [t0, T ] ×Mx,g(t) × RNy , 0 ∈ BNy and the boundary of the closure of Y is C1. Assume
that Ricci flow exists at some time T > 0 and supp(R(t, x)) ∈ Y where R is the scalar
curvature.
(i) for each N , there exists a radial solution u = u(N)(t, x, y) of (23) with respect to y -
coordinates, i.e. u(N)(t, x, y) = u(N)(t, x,Ay),∀A ∈ SO(N), such that the limit u(t, x) :=
limN→∞ u
(N)(t, x, y)|{t=|y|2/2N} on [t0, T ]×M˜x,g(t) exists outside points P in the projection
of wavefront set WF∞ onto [t0, T ]× M˜x,g(t).
(ii) Outside points in P, the limit u(t, x) ∈ [t0, T ] × M˜x,g(t) solves the backward heat
equation below
∂tu+∆x,g(t)u = −R,u(T, x) = h(x), (t, x) ∈ (0, T ]×Mx,g(t). (24)
Briefly speaking, we setWF∞ := limN→∞WF (u
(N)) to be the set of essential singularities.
The metric we use in WF∞ is the product of metrics on Rt, Riemannian metric on M and
the l2 - metric on
⊕∞
i=1 R, the direct sum of countably many copies of R. The points
in WF∞ are either arbitrarily close to points in WF (u
(N)) for all large N by embedding
WF (u(N)) into the space of R2t × T ∗M × (
⊕∞
i=1R)
2 or with arbitrarily large norms for all
large N .
Remark 3.4. We will prove the Euclidean version of this theorem below in Section 4, and
return to the proof of this theorem in Section 5. The standard definition of WF∞ is also
in Section 4 below.
4 The Analysis of Wave Approximation of Backward Heat
Equation: Euclidean Case
As the toy example, we consider the homogeneous backward heat equation
∂tu+∆xu = 0, u : (0, T ] × Rnx → R, u(T, x) = h(x), (25)
with the standard Euclidean metric and h has enough regularity so that we can have
u ∈ C2((0, T ] ×Rn).
Remark 4.1. The Euclidean version (25) above is obtained by reducing the time-dependent
Riemannian manifold (M,g(t)) into (Rn, dx2), independent of t; correspondingly, R(t, x) ≡
0,∀t, x. Therefore the enlarged space M˜ above is exactly Rnx × RNy with the Riemannian
metric dx2 + dy2.
Clearly this backward heat equation has solution backward in time. One way to check
is that if we assume the equation within some compact manifold M instead of Rn, then we
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can see that
d
dt
∫
M
|∇u|2gdvolg =
∫
M
g(∇f˙ ,∇f)dvolg =
∫
M
−f˙∆gfdvolg =
∫
M
|∆gf |2dvolg > 0.
So when the time evolves backward in time, the energy is nonincreasing and it follows that
the backward heat equation is well-posed.
Remark 4.2. If we keep the domain to be R+ × U by imposing the boundary condition
u(t, x) = 0 on ∂U × [0, T ), then we can get the same energy estimates as above. Here
U ⊂ Rn could be any bounded, open subset.
The other way to consider this backward heat equation is to set τ = T − t ∈ [0, T ] and
with τ we have
∂τu−∆xu = 0, u : [0, T ]× Rnx → R, u(0, x) = h(x).
Applying fundamental solution, we observe that
u(τ, x) =
1
(4πτ)
n
2
∫
Rn
e
|x−y|2
−4τ h(y)dy ⇒ u(t, x) = 1
(4π(T − t))n2
∫
Rn
e
|x−y|2
4(t−T )h(y)dy. (26)
which implies that the solution of the backward heat equation will not blow up when back-
ward in time starting at time T .
As inspired above by Perelman and Tao, we consider the embedding from [0, T ] × Rnx
to [0, T ]× Rnx × RNy with the Riemannian metric 2tN dt2 + tdω21/2N + dx2.
As we discussed before, this is the same as applying t = |y|
2
2N =
r2
2N on Riemmanian metric
dy2 + dx2. This fact can be seen as
t =
r2
2N
⇒ dr2 = N
2t
dt2 ⇒ dy2 + dx2 = dr2 + r2dω21 + dx2 =
2t
N
dt2 + tdω21
2N
+ dx2.
This means we embed our original space into R+t ×Rnx ×RNy and consider the behavior of
variable coefficient wave equation on the hyperserface t = |y|
2
2N .
This connection, as Perelman mentioned in [8], [9], [10], would switch the heat equation
to a Laplace equation modulo N−1 in R+ × M˜ . Tao in [12] loosely applied the change
of variables t = |y|
2
2N and introduce the expression of this almost Laplace equation. We
interpret the procedure here, and emphasize that this is a wave equation; we explain the
advantage of this embedding, and trying to rigorously proof the connection between the
solution of ∆˜u˜ = 0 modulo N−1 and the solution of heat equation as Perelman conjectured
in his paper. This is our central contribution in this paper.
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Remark 4.3. We should point out that in Tao’s notes [12], [11], he interpreted the almost
Laplace equation from the forward heat equation by using τ = − |y|22N , which I believe is
a little bit problematic. Nevertheless, we greatly thank his contribution to this explicit
expression, which Perelman and many others did not mention in their papers. We will go
back to discuss this situation later.
The equation t = |y|
2
2N provided us the relation between time evolution and spatial
evolution, which can be given as below
∂
∂yi
=
∂t
∂yi
∂
∂t
=
yi
N
∂
∂t
⇒ ∂
2
∂y2i
=
1
N
∂
∂t
+
∂t
∂yi
· yi
t
∂2
∂t2
=
1
N
∂
∂t
+
y2i
N2
∂2
∂t2
.
It follows that
∆y =
N∑
i=1
∂2
∂y2i
=
∂
∂t
+
|y|2
N2
∂2
∂t2
=
∂
∂t
+
2t
N
∂2
∂t2
⇒ ∂
∂t
= ∆y − 2t
N
∂2
∂t2
. (27)
Apply (27) to (25), we get
(
2t
N
· ∂
2
∂t2
−∆x,y)u = 0, u(T, x, y) = h(x). (28)
Remark 4.4. As we mentioned before, we achieved our first goal: we obtain a time
reversible partial differential equation, i.e., u(−t, x, y) solves this equation if u(t, x, y) is a
solution of this PDE, which allows us to begin our study of evolution of u at t = 0. We
will explain more in Ricci flow related backward heat equation case.
Remark 4.5. If we consider further the space R+t>0 × Rnx × RNy , then we observe that
P (N) :=
2t
N
∂2
∂t2
−∆x,y. (29)
is a strictly positive hyperbolic operator.
We are now ready to provide a theorem which states the relationship between the
solution of time-reversible equation (28) and solution of (25) backward in time by imposing
some appropriate initial conditions. For simplicity, we assume that any boundary or initial
condition is smooth enough and also integrable in Rnx.
Theorem 4.1. Given the Cauchy problem of variable coefficient wave equation
(
2t
N
· ∂
2
∂t2
−∆x,y)u = 0, (t, x, y) ∈ [t0, T ]× Rnx × RNy , u(T, x, y) = h(x). (30)
provided that h(x) ∈ C∞0 (Rn).
Then for each N , there exists a radial solution u = u(N)(t, x, y) of this Cauchy problem
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with respect to y - coordinates, i.e. u(N)(t, x, y) = u(N)(t, x,Ay),∀A ∈ SO(N), such that
the limit u(t, x) := limN→∞ u
(N)(t, x, y)|{t=|y|2/2N} exists at all points in [t0, T ]× RNx .
Furthermore, the limit u(t, x) ∈ C∞([t0, T ]×Rnx) and solves the backward heat equation
∂tu+∆xu = 0, u(T, x) = h(x), (t, x) ∈ [t0, T ]× Rnx. (31)
Remark 4.6. To prove this, we first need to show the existence of the solution of the
Cauchy problem of the wave equation; we then need a notion of limit of wavefront sets
WF (u(N)) when N → ∞; we also need a result corresponds to the rotation-invariance of
the Euclidean Laplacian ∆y.
Remark 4.7. No matter in Euclidean case or Riemannian case, the existence of the so-
lution of variable coefficient wave equation can only guarantee a weak solution in the
distributional sense. In Theorem 4.1, we would like to have a result where the limit is
obtained pointwisely. To this end, we would like the solution of (30) to have enough regu-
larity, in particular, C∞ solution here, and this follows when the solution u of (30) satisfying
u /∈ singsupp(u), and specifically, it is outside WF (u).
The following theorem states that variable coefficient wave equation Pu = f has a
solution with some Sobolev regularity in Euclidean case, if we require the operator P to
have following properties.
Definition 4.1. [3], Section 23.2. We say that the operator P =
∑m
j=0 P (t, x,Dx)D
j
t
in R× Rn is strictly hyperbolic and homogeneous if
(i) Pm = 1 and pj ∈ Sm−j(Rn+1 × Rn) when j < m;
(ii) Pj has a principal symbol pj(t, x, ξ) which is homogeneous in ξ of degree m − j; thus
Pj(t, x, ξ) − (1 − χ(ξ))pj(t, x, ξ) ∈ Sm−1−j if χ ∈ C∞c (Rn) is equal to 1 in a neighborhood
of 0;
(iii) the zeros τ of the principal symbol of P
p(t, x, τ, ξ) =
m∑
0
pj(t, x, ξ)τ
i
are real when ξ 6= 0, and they are uniformly simple in the sense that for some positive
constant c
|∂p(t, x, τ, ξ)
∂τ
| > c|ξ|m−1 if p(t, x, τ, ξ) = 0.
Theorem 4.2. [3], Theorem 23.2.2. Assume that the hypotheses in Definition 4.1
are fulfilled. For arbitrary f ∈ L1([0, T ];Hs) and φj ∈ Hs+m−1−j , j < m, there is then a
unique solution u ∈ ⋂m−10 Cj([0, T ];Hs+m−1−j) of the Cauchy problem
Pu = f if 0 < t < T ;Djtu = φj for j < m, if t = 0.
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Remark 4.8. The above theorem guarantees a global existence of the strong solution
of (30) outside the wavefront set, which is good enough for us. Any standard PDE book
provides the existence of the solution for second order variable coefficient hyperbolic PDEs,
e.g. Evans book [2]. There is another way to understand the operator P (N). Within the
space [t0, T ]× Rnx × (RNy \{0}), the operator could be observed as
P˜ (N) =
∂2
∂t2
− N
2
|y|2∆x,y,
by (27), and it is clear that P (N)u = P˜ (N)u = 0. It follows from Chapter 18 of [3] that
we could apply Hadamard construction to construct a paramatrix of P˜ (N) for the reason
that −N2
|y|2
∆x,y is an elliptic operator. This paramatrix is a global version, and hence we
can solve (30) by using this paramatrix.
For each N , the equation (30) has a set of singularity, in which the solution either does
not exist or does not have real function representation, i.e., can only have distributional
solution in the weak sense. The singularity of solutions of linear partial differential equa-
tions can be described by wavefront set.
For a distribution u whose domain is some manifold M , the wavefront set is defined to be
WF (u) = {(x, ξ) ∈ T ∗M : ξ ∈ Σxu}.
Here Σxu, defined to be the singular fiber, is the complement of collection of elements
ξ ∈ T ∗xM such that the Fourier transform of u localized at x has sufficient decay in a
conical neighborhood of ξ.
Next theorem, named Ho¨rmander’s propagation theorem, due to [3], [6], explained what is
the wavefront set looking like for any distribution u, especially when u solves some partial
differential equations Pu = f .
Theorem 4.3. [6], Ho¨rmander’s Propagation Theorem. Let M be a smooth man-
ifold. If P ∈ Ψm(M) has real principal symbol and is properly supported then for any
distribution u ∈ C−∞(M),
WF (u)\WF (Pu) ⊂ Σ(P ).
is a union of maximally null bicharacteristics in Σ(P )\WF (Pu).
Since we would like to understand the asymptotic behavior of {u(N)}, it is natural to
ask what will happen for the sequence of sets {WF (u(N))} when N approaches to infinity.
In general, the wavefront set for u ∈ C−∞(M) with some smooth manifold M is sitting
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in WF (u) ⊂ T ∗M . Since in our case we are discussing the asymptotic behavior of the
sequence of sets {WF (u(N))} where each WF (u(N)) ⊂ T ∗([t0, T ]× Rnx × RNy ), it indicates
that we should construct a limiting space which contains all RNy when N → ∞ and thus
we can discuss the limit of wavefront sets in the ambient space.
Note that the Euclidean metric in each RNy is the same as the l
2 - norm with the canonical
identification that RNy
∼= Ty0RNy at each point. We now set the limiting space, which can be
denoted as R∞y :=
⊕∞
i=1 R, the direct sum of countably copies of R. It is exactly the set of
collection of countable sequence (y1, . . . , yn, . . . ) such that all but finitely many elements
are zero. R∞y is a pre-Hilbert space with the l
2 - norm also. Define
φN : R
N
y → R∞y , (y1, . . . , yN ) 7→ (y1, . . . , yN , 0, 0, . . . );
πN : R
∞
y → RNy , (y1, . . . , yN , yN+1, . . . ) 7→ (y1, . . . , yN ).
From the discussion above, we can see that each φN is an isometric embedding from R
N
y
to R∞y , and it follows that
Idt × Idx × φN : Rt × Rnx × RNy → Rt × Rnx × R∞y ,
is an isometric embedding for each N . This setup allows us to discuss the closeness between
two points in two different spaces Rt × Rnx × RN1y and Rt × Rnx × RN2y : we embed points
in two different spaces to the same limiting space Rt × Rnx × R∞y with the distance func-
tion induced by the products of standard norm in time axis, in Rnx and the l
2 - norm in R∞y .
In our case, (t, x, y, τ, ξ, η) ∈ WF (u(N)) ⊂ T ∗(Rt × Rnx × RNy ) ∼= (Rt × Rnx × RNy )2. In
this setup, we write down the distance function to be
|(t1, x1, y1, τ1, ξ1, η1)− (t1, x1, y1, τ1, ξ1, η1)|WF∞ = |t1 − t2|Rt + |x1 − x2|Rnx + |y1 − y2|l2∞+
+ |τ1 − τ2|Rt + |ξ1 − ξ2|Rnx + |η1 − η2|l2∞ .
Here |·|l2∞ is the norm on R∞y =
⊕∞
i=1R.
With the canonical isomorphism between Euclidean space and its cotangent space, we
can apply the same limiting space on cotangent space of RNy and define as follows:
Definition 4.2. Given the sequence of spaces Rt × Rnx × RNy , we define the limit of the
sequence of wavefront sets WF (u(N)) :=WFN , where u
(N) is a distribution on Rt ×Rnx ×
R
N
y , to be
WF∞ := lim
N→∞
WFN ,WF∞ ⊂ (Rt × R2x ×R∞y )2. (32)
We say (t, x, y, τ, ξ, η) ∈WF∞ if:
(i)for every ǫ > 0, there exists a N0 ∈ N such that
|(t, x, y, τ, ξ, η) − (t(N), x(N), y(N), τ (N), x(N), η(N))|WF∞ < ǫ,∀N > N0.
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or (ii) for every positive number M > 0, there exists N0 ∈ N such that
|t(N), x(N), y(N), τ (N), x(N), η(N)|WF∞ > M,∀N > N0.
In case (ii), the limit (t, x, y, τ, ξ, η) has some or all entries to be infinity.
Here (t, x, y, τ, ξ, η) ∈ (Rt×Rnx ×R∞y )2, (t(N), x(N), y(N), τ (N), x(N), η(N)) ∈ (Rt×Rnx ×
R
N
y )
2 →֒ (Rt ×Rnx ×R∞y )2, and the distance function |·| on (Rt ×Rnx ×R∞y )2 is induced by
the norm discussed above.
Remark 4.9. The definition of WF∞ indicates a concept of essential singularities for the
sequence of distributions, telling us which points, especially the pair (t, x) in the original
space, cannot be maneuvered by embedding into a larger space. Equivalently, it says
that all singularities resulted from geometry of the space in y are removed, when we send
N →∞.
Remark 4.10. The above discussion and Definition 4.2 also works when we apply them
to the space [t0, T ]×Rnx ×RNy and the cotangent spaces for each N are the same, so is for
the limiting space.
To show the theorem, we need the proposition below, which states the rotational in-
variance of Euclidean Laplacian.
Proposition 4.1. On the Euclidean space Rn the Euclidean Laplacian ∆x =
∑n
i=1
∂2
∂x2
i
is
rotationally invariant in the sense that for u : Rn → R, v(x) = u(Ax),∀A ∈ SO(n), we
have
∆xv(x) = ∆yu(y),where y = Ax.
Proof. Denote A = (Aij), we compute that
∂v(x)
∂xi
=
∂u(y)
∂xi
=
n∑
j=1
∂u(y)
∂yj
∂yj
∂xi
=
n∑
j=1
∂u(y)
∂yj
Aji.
Taking one more derivative we observe that
∂2v(x)
∂x2i
=
∂
∂xi
(
n∑
j=1
∂u(y)
∂yj
Aji) =
n∑
k=1
n∑
j=1
∂2u(y)
∂yjyk
AjiAki.
Since A ∈ SO(n), hence we have
In = AA
T ⇒
n∑
i=1
AjiAki = (AA
T )kj = δkj.
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Hence it follows that
∆xv(x) =
n∑
i=1
n∑
k=1
n∑
j=1
∂2u(y)
∂yjyk
AjiAki =
n∑
j=1
∂2u(y)
∂y2j
= ∆yu(y).
Now we can proof our main theorem.
Proof. Proof of Theorem 4.1. To conclude (30) has a solution in the weak sense, we
check that (30) satisfies all hypothesis in Theorem 4.2. Since t ∈ [t0, T ] ⊂ (0,∞) and t0 > 0
strictly, we can rewrite (30) as
2t
N
· ∂
2
∂t2
u−∆x,yu = 0⇔ ∂
2
∂t2
u−N
2t
∆x,yu = 0⇔ D2t u−
N
2t
(
n∑
i=1
D2xi+
N∑
j=1
D2yj )u := P˜
(N)u = 0.
(33)
It follows clearly that if we write P˜ (N) =
∑2
j=0 Pj(t, x, y,Dx,y)D
j
t , we have P
2 = 1, P1 = 0
and P0 ∈ S2(Rn+N+1 × Rn+N ), so (i) is satisfied.
Consequently, we observe that p0(t, x, y, ξ, η) =
t
2N (|ξ|2 + |η|2) and clearly (ii) is hold.
Lastly, we observe that the principal symbol of P˜ (N), denoted by p˜(N), is of the form
p˜(N) = τ2 − t
2N
(|ξ|2 + |η|2).
Clearly it has real solutions when |ξ|+ |η| 6= 0 and it is uniformly simple, since we have
∂p˜(N)
∂τ
= 2τ = 2 ·
√
t
2N
(|ξ|2 + |η|2).
And thus the inequality in (iii) of Definiition 4.1 is satisfied, since t > t0 > 0.
Hence we conclude that, by (33), the wave equation (30) has a weak solution in the sense of
Theorem 4.2. Furthermore, we conclude by Theorem 4.3 that (30) has a smooth solution
outside WF (u).
We first show that for each N , the limit does exist and the projection of the limit onto
Rt×Rnx solves the backward heat equation (31) strongly. To do this, we need to construct
a strong solution of (30) that is rotationally invariant in y, say u(N)(t, x, y) = u(N)(t, x, |y|).
Thus alongside each SN fibers with the relation t = |y|
2
2N , u
(N)(t, x, |y|) = u(N)(t, x,√2Nt)
which allows us to consider the limit on the space [t0, T ]×Rnx.
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Given u˜(N)(t, x, y) that solves (30), we consider u˜(N)(t, x,Ay), A ∈ SO(N). Observe that
u˜(N)(t, x, y) solves (30)⇒ 2t
N
∂ttu˜
(N)(t, x, y)−∆xu˜(N)(t, x, y)−∆yu˜(N)(t, x, y) = 0
⇒2t
N
∂ttu˜
(N)(t, x, y) −∆xu˜(N)(t, x, y) −∆yu˜(N)(t, x, y) = 0, y is a dummy variable
⇒2t
N
∂ttu˜
(N)(t, x, y) −∆xu˜(N)(t, x, y) −∆yu˜(N)(t, x, y) = 0,by Proposition 4.1.
Hence we conclude that u˜(N)(t, x,Ay) solves (30), for all A ∈ SO(N), by Proposition 4.1.
Since SO(N) is a compact Riemannian manifold, we can define
u(N)(t, x, y) =
1
Vol(SO(N))
∫
SO(N)
u˜(N)(u, x,Ay)dµN , (34)
where dµN is the volume form on SO(N).
It follows immediately that u(N)(t, x, y) defined above is rotationally invariant, since it
is the average over SO(N). Since SO(N) is a compact manifold, Dominated Convergence
Theorem allows us to pass derivatives over the integration and hence we conclude that
u(N)(t, x, y) defined in (34) solves (30). In particular, (34) is constant along the hypersur-
face t = |y|2/2N .
We now discuss the wavefront set of u(N) defined in (32). The issue for this definition
is that we would like to make sure that u(N) is well-defined outside the wavefront set of
u˜(N), which means that the rotational action will not arise new singularities. We examine
both WF (u˜(N)) and WF (u(N)).
According to the application of Theorem 3.3, we first should check that the principal
symbol
p(N) =
2t
N
τ2 − |ξ|2 − |η|2,
of our hyperbolic operator P (N) is of real type and properly supported. P (N) is definitely
properly supported, since supp(P (N)u) ⊂ supp(u) for all u acting on [t0, T ] × Rnx × RNy .
This follows from two facts, which could be found in (cf. Melrose, 1990) that on smooth
manifold M , the distribution u ∈ C−∞(M) satisfies
supp(Dαu) ⊂ supp(u), supp(φu) ⊂ supp u,∀φ ∈ C∞(M).
Here Dα = (−i)|α|∂α is the differential operator, and φu can be considered as the group
action C∞(M)× C−∞(M)→ C−∞(M).
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Then by definition of properly supported pseudodifferential operators, we observe that
supp(P (N)u) ⊂ K if supp(u) ⊂ K for any compact set K provided that u ∈ C−∞([t0, T ]×
R
n
x × RNy ).
To verify that P (N) is of real principal type, we need to check that p(N) is real and dp(N) 6= 0
away from the point |ξ| = |η| = τ = 0. It is clear from the expression p(N) = 2tN τ2−|ξ|2−|η|2
that p(N) is real, and we can compute that
dp(N) =
2
N
· τ2dt+ 2t
N
· 2τdτ −
n∑
i=1
2ξidξi −
N∑
j=1
2ηjdηj .
Clearly dp(N) 6= 0 when it is away from the point |ξ| = |η| = τ = 0. It follows that P (N)
has real principal symbol.
Combined with both verifications, we can apply Theorem 4.3 to u˜(N). It then follows
that
WF (u˜(N)) ⊂WF (P (N)u˜(N)) ∪Σ(P (N)) = Σ(P (N)),
since u˜(N) is a solution of P (N)u˜(N) = 0 hence it only depends on the characteristic set of
P (N) and hence is solely determined by the principal symbol p(N), the union of maximally
null bicharacteristics.
We would like to show that
WF (u(N)) =WF (u˜(N)) ⊂ Σ(P (N)). (35)
To show this, we need to compute the characteristic set of Σ(P (N)), since the propagation
of singularities is alongside the integral curves of Hamiltonian vector field of p(N) within
the characteristic. We would like to show that the integral curves are radial also and thus
we can conclude (34).
Given the principal symbol p(N) = 2tN τ
2−|ξ|2−|η|2 for fixed N , it’s associated Hamiltonian
vector field Hp(N) is given by
Hp(N) =
2t
N
· 2τ ∂
∂t
−
n∑
i=1
2ξi
∂
∂xi
−
N∑
j=1
2ηj
∂
∂yj
− 2τ
2
N
∂
∂τ
.
Within Σ(P (N)) = (p(N))−1(0) = {2tN τ2 − |ξ|2 − |η|2 = 0}, we can compute the integral
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curves (t(s), x(s), y(s), τ(s), ξ(s), η(s)) with respect to Hp(N) :
t˙ =
2t
N
· 2τ, x˙i = −2ξi, y˙j = −2ηj ,
τ˙ = −2τ
2
N
, ξ˙i = 0, η˙j = 0.
Solving this linear ODE system with initial conditions (t(0), x(0), y(0), τ(0), ξ(0), η(0)), we
have
τ(s) =
τ(0)N
2sτ(0) +N
, ξi(s) = ξi(0), ηj(s) = ηj(0),
xi(s) = xi(0) − 2ξi(0) · s, yj(s) = yj(0) − 2ηj(0) · s,
t(s) = 4τ(0)2t(0)(
s
N
+
1
2τ(0)
)2, (36)
provided that τ(0) 6= 0. When τ(0) = 0, we then have the trivial solution
t(s) = t(0), xi(s) = xi(0) − 2ξi(0)s, yj(s) = yj(0)− 2ηj(0)s,
τ(s) = τ(0) = 0, ξi(s) = ξi(0), ηj(s) = ηj(0). (37)
From (36), we can obtain an equation corresponds to t(s), x(s), y(s), which is
t(s) = 4τ(0)2t(0)(
√
|x(s)− x(0)|2 + |y(s)− y(0)|2
8τ(0)2t(0)N
+
1
2τ(0)
)2. (38)
(38) holds since we are considering the null characteristic, i.e. we have p(N) = 0 in this case.
For the integral curves (36), (37) within Σ(P (N)), the extra equation it should obey is
2t
N τ
2 − |ξ|2 − |η|2 = 0, and it definitely holds when s = 0, we can see that
2t(0)
2N
τ(0)2 − |ξ(0)|2 − |η(0)|2 = 0⇒ 2t(0)
N
(τ(0))2 − |ξ(0)|2 − |Aη(0)|2 = 0,∀A ∈ SO(N).
It follows that if η(0) ∈ WF (u˜(N)) then so is Aη(0). From (36), (37) and (38), we ob-
serve that Ay(s), Aη(s) ∈ WF (u˜(N)) if and only if Ay(0), Aη(0) ∈ WF (u˜(N)). Therefore,
it follows that WF (u˜(N)) contains all rotation alongside y - direction and it follows from
definition (32) that (34) holds. Furthermore, the propagation of singularities of u(N) which
solves (30) are along integral curves (36) or (37).
Specifically, this indicates that the definition (32) is well-defined and the average over
all rotational solutions of (30) did not expand the wavefront set, hence we conclude (34).
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We now have a solution of (30) radial in y - coordinates, i.e., u(N)(t, x, y) = u(N)(t, x, |y|).
Alongside the hyperplane t = |y|
2
2N , we conclude that u
(N) is constant alongside each SN
fiber whose curvature is 12N . We would like to show that outsideWF (u
(N)), the projection
of u(N) onto (t, x) - plane solves (31).
Since u(N)(t, x, y) = u(N)(t.x,
√
2Nt) is parametrized by t, x on {t = |y|22N }, we have
0 = (
2t
N
· ∂
2
∂t2
−∆x)u(N)(t, x, |y|) −
N∑
j=1
∂2u(N)(t, x, |y|)
∂y2j
= (
∑N
i=1 y
2
i
N2
· ∂
2
∂t2
−∆x)u(N)(t, x,
√
2Nt)−
N∑
j=1
(
1
N
∂
∂t
+
y2j
N2
∂2
∂t2
)u(N)(t, x,
√
2Nt)
= −∆xu(N)(t, x,
√
2Nt)− ∂u
(N)(t, x,
√
2Nt)
∂t
.
It follows that u(N)|{t=|y|2/2N} solves (31) outside WF (u(N)) for each N ∈ N.
If a point (t, x, y, τ, ξ, η) /∈ WF (u(N)) for all large N , then we conclude that at this point,
u(t, x) = limN→∞ u
(N)(t, x, y) does exist in the strong sense and solves the backward heat
equation by above argument. It is the same as saying that (t, x, y, τ, ξ, η) /∈WF∞.
To show that the limit does exist at all points, we would like to show that WF∞ :=
limN→∞WF (u
(N)) defined in Definition 4.1, contains only the initial points, i.e. collection
of points (t0, x, y, τ(0), ξ(0), η(0)) within the null bicharacteristics, as well as (t,∞,∞, τ(0), ξ(0), η(0)),
whose projection onto the Rnx is at infinity, the extreme faraway.
Remark 4.11. We fix N in above discussions including the derivation of null bicharac-
teristics, the existence of limit, and solvability of (30) and (31) so we use the somehow
vague notation (t, x, y, τ, ξ, η). For discussion below, we consider the collection of all u(N)
and their corresponding wavefront sets, hence we apply same notation in Definition 4.1 to
denote (t(N), x(N), y(N), τ (N), ξ(N), η(N)) as points in T ∗([t0, T ]× Rnx × RNy ).
We begin with the case τ (N)(0) = 0 for each N , in this case we apply (37) and the fact
that p(N)(t(N), x(N), y(N), τ (N), ξ(N), η(N)) = 0, it follows that
2t(N)(0)
N
τ (N)(0)2 − |ξ(N)(0)|2 − |η(N)(0)|2 = 0
⇒|ξ(N)(0)|2 + |η(N)(0)|2 = 0⇒ ξ(N) = η(N) = 0,∀N
⇒x(N)(s) = x(N)(0), y(N)(s) = y(N)(0), ξ(N)(s) = η(N)(s) = 0. Using (37).
Apply the distance function |·|WF∞ , we conclude that
(t(0), x(0), y(0), 0, 0, 0) ∈WF∞.
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where t(0) = t(N)(0) = T, x(0) = x(N)(0),∀N and y(0) = (y(N)1 (0), . . . , y(N)N (0), 0, 0, . . . ).
Note that (t(0), x(0), y(0)) indicates a collection of points, since we can choose different
initial points for null bicharacteristics. It follows that all initial points of the backward
heat equation are contained in WF∞.
The other case corresponds to τ (N)(0) 6= 0.
Apply the fact that p(N)(t(N), x(N), y(N), τ (N), ξ(N), η(N)) = 0, we see that for given ǫ > 0,
when N large enough, we must have
|ξ(N)(0)|2 + |η(N)(0)|2 < ǫ⇒ |ξ(N)(s)| < ǫ, |ξ(N)(s)| < ǫ.
when N is large enough. This implies that at s = 0, then when N large enough, we have
|(t(0), x(0), y(0), τ(0), 0, 0) − (t(N), x(N), y(N), τ (N), x(N), η(N))|WF∞ < ǫ. (39)
Here t(0), x(0), y(0) have the same interpretation as above and τ(0) = τ (N)(0).
According to (36), we can obtain t(N)(s)(τ (N)(s))2 = t(N)(0)(τ (N)(0))2 and since τ (N)(0) 6=
0, it follows that t(s) 6= t(0) when s 6= 0, then from (38), we observe that when we arrive
at some t ∈ [t0, T ] after some time s, the integral curves travel to points (x(N)(s), y(N)(s))
in a way that
|x(N)(s)− x(N)(0)|2 = O(N), |y(N)(s)− y(N)(0)|2 = O(N).
It follows that when N increases, the singularities we achieve are far and far away and
eventually we conclude by Definition 4.1 that
(t(s),∞,∞, τ(s), ξ(s), η(s)) ∈WF∞. (40)
It indicates that essentially, (t,∞) ∈ [t0, T ]×Rnx amounts to the only singularity of (30) as
well as (31) in the limiting sense. It follows that u(t, x) = limN u
(N)(t, x, y)|
{t=
|y|2
2N
}
does
exist at all points [t0, T )× Rnx and solves (31).
The only left points (t(0), x(0), y(0), τ(0), 0, 0) in WF∞ shows that we may not have an
explicit expression for either u(t, x) or u(N)(t, x, y) at the initial point t = T , but the initial
conditions H,h, H˜ are satisfied by limiting argument. For example, we can easily deduce
the fact that u(t, x)→ H(x), t→ t0.
Lastly, all initial conditions are satisfied due to the construction ofH, H˜ and the uniqueness
of the solution of (31).
Remark 4.12. The equation (30) can be rewrite formally as
∂2u(N)
∂t2
=
N
2t
∆x,yu
(N).
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The speed of propagation for each u(N) is now
√
N/2t, which increases as N increases,
and heuristically, we observe that the property of infinite speed of propagation, which de-
scribes by heat equation, could be approximated by increasingly finite speed of propagation.
On the other hand, if we agree that the light speed c is the upper limit, then the above
equation indicates that although we may have nearly infinite speed, we should wait a while
to observe the behavior of u or u(N) when we are in the space with large dimension.
Remark 4.13. (Suspicious remark) (39) says that at the initial points, the singularities will
only move alongside the τ - direction or equivalently, ∂tu may not exist, which corresponds
to the heat kernel. (40) says that at infinity, the singularities could arrive alongside each
direction, it follows that when t = T , then the solution may loss regularities alongside all
coordinates.
For the backward heat equation (31), if we assume the initial condition u(T, x) = h(x) ∈
C∞0 (R) at arbitrarily large T , we can easily extend the above theorem to the interval [t0, T ]
for arbitrarily large T . For example, in the Ricci flow case, ∂tu = −R, the scalar curvature.
Thus if the Ricci flow can flow forward for all time then definitely we can consider the cor-
responding backward equation (17), or gradient steady/shrinking/expanding solitons on
the time interval [t0,+∞). One particular example for this is the κ - solution in three
dimensional manifolds.
Instead of considering the backward heat equation on [t0, T ] ⊂ (0,+∞), we can also con-
sider the forward heat equation ∂tu − ∆xu = 0, u : R−t × Rnx → R on some interval
[T, t0] ⊂ (−∞, 0), where t0 < 0. We would like to translate this forward heat equation to
some similar wave equation by embedding R−t ×Rnx into R−t ×Rnx×RNy with the Riemannian
metric dy2 + dx2 again.
Analogous to the backward heat equation, we consider the relation between time and
y - variables by using t = − |y|22N in this case. With this change of variables, we observe that
dy2 + dx2 = dr2 + r2dω21 + dx
2 = −N
2t
dt2 + (−t)dω21/2N + dx2.
Similarly, we obtain that
∆y = − ∂
∂t
− 2t
N
· ∂
2
∂t2
.
If u solves the forward heat equation (∂t −∆x)u = 0 on [T, t0] ⊂ (−∞, 0) we then obtain
that
(−2t
N
· ∂
2
∂t2
−∆x −∆y)u = 0.
Note that due to the sign and domain that t is sitting in, the operator P (N) := − 2tN · ∂
2
∂t2
−
∆x−∆y is still strictly positive hyperbolic operator on [T, t0]×Rnx ×RNy . For the forward
heat equation on negative time axis, we have the following wave equation approximation.
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Theorem 4.4. Given the Cauchy problem of variable coefficient wave equation
(−2t
N
· ∂
2
∂t2
−∆x,y)u = 0, (t, x, y) ∈ [T, t0]× Rnx × RNy , u(T, x, y) = h(x)−∞ < T < t0 < 0.
(41)
provided that h(x) ∈ C∞0 (Rn).
Then for each N , there exists a radial solution u = u(N)(t, x, y) of this Cauchy problem
with respect to y - coordinates, i.e. u(N)(t, x, y) = u(N)(t, x,Ay),∀A ∈ SO(N), such that
the limit u(t, x) := limN→∞ u
(N)(t, x, y)|{t=−|y|2/2N} exists at all points in [T, t0]× RNx .
Furthermore, the limit u(t, x) ∈ C∞([T, t0]× Rnx) solves the forward heat equation
∂tu−∆xu = 0, u(T, x) = h(x), (t, x) ∈ [T, t0]× Rnx. (42)
Proof. The proof is essentially the same as the proof of Theorem 4.1. The only difference
we would like to point out here is that Theorem 4.2, which corresponds to the existence of
the wave equation also holds when we replace the time interval [0, T ] to [−T, 0], since the
solution of wave equation is time-reversible.
Remark 4.14. In the Euclidean case, we introduce the notion of WF∞, discuss explicitly
the propagation of singularities for wave equation and show that WF∞ contains exactly
the points for which the heat kernel is not smooth. We now generalize the discussion
in Euclidean case to Riemannian manifold case with Ricci flow to show that (24) can
be approximated by (1) strongly outside the wavefront set. We will also show how the
wavefront set in Riemannian manifold case looks like.
5 The Analysis of Wave Approximation of Backward Heat
Equation on Ricci Flow: Part II
In this section, we would like to mimic the procedure in the Euclidean case to show the
relation between the variable coefficient wave equation on open manifold Mx×RNy and the
heat equation on M , on some positive time interval [t0, T ] ⊂ [0,∞).
The difference here is that on manifold situation, the variable coefficient wave equation
only admits a semi-global solution, as Ho¨rmander discussed in [3]. The notion of strictly
hyperbolic operator on functions with manifold domain are also slightly different, which is
a generalization of Euclidean case.
Definition 5.1. [3], Definition 23.2.3. A differential operator P of order m in the
C∞ manifold X, with principal symbol p, is said to be the strictly hyperbolic with respect
to the level surfaces of φ ∈ C∞(X,R) if p(x, φ′(x)) 6= 0 and the characteristic equation
p(x, ξ + τφ
′
(x)) = 0 has m different real roots τ for every x ∈ X and ξ ∈ T ∗x\Rφ
′
(x).
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Remark 5.1. Ho¨rmander stated in Section 23.4 of [3] that locally if φ(x) = xn and X is
a neighborhood of Rn, the condition of the operator P of order m with principal symbol p
is said to be strictly hyperbolic with respect to the level surfaces of φ is equivalent to the
following conditions:
(i) p(x, ξ) =
∑m
0 pj(x, ξ
′
)ξjn, pm = 1, where ξ
′ ∈ Rn−1;
(ii) when x ∈ X, xn > 0, and ξ′ ∈ Rn−1\0, the equation p(x, ξ) has only simple real roots
ξn.
With this defition, Ho¨rmander pointed out a version of semi-global solution with respect
to Pu = f , as the following theorem shows.
Theorem 5.1. [3], Theorem 23.2.4. Let P be a differential operator of order m with
C∞ coefficients in the C∞ manifold X, and let Y ⋐ X be an open subset. Assume that P
is strictly hyperbolic with respect to the level surfaces of φ ∈ C∞(X,R) and set
X+ = {x ∈ X : φ(x) > 0},X0 = {x ∈ X : φ(x) = 0}.
If f ∈ Hsloc(X) has support in the closure of X+ one can then find u ∈ Hs+m−1loc (X) with
support in the closure of X+ such that Pu = f in Y . If s > 0, v is a vector field with vφ = 1,
and f ∈ H¯sloc(X+), φj ∈ Hs+m−1−jloc (X0), j < m, then there is some u ∈ Hs+m−1loc (X+) such
that Pu = f in X+ ∩ Y and vju = φj in X0 ∩ Y when j < m.
The semi-global solution of strictly hyperbolic operator restricts our discussion on some
open, precompact submanifold of the space [t0, T ]×Mx×RNy . To do this, we choose an open,
precompact submanifold M˜x×BNy ofMx×RNy and consider the operator 2tN ∂2t −∆x,g(t)−∆y
on [t0, T ]× M˜x ×BNy . We also require the boundary of the closure of Mx, i.e. ∂ ¯˜Mx to be
at least C1.
We now prove Theorem 3.1, which is the wave equation approximation of the backward
heat equation on Riemannian manifold. To show this, we check what is the real expression
in (1) by analyzing the Laplacian ∆˜g˜(N)(t) on M˜
(N) := Mx × RNy . Here (M,g(t)) is a
noncompact manifold without boundary and
g˜(N) = g(t)⊕ dy2, y = (y1, . . . , yN ),
with the corresponding volume form dµ(t) · dy. We compute ∆˜g˜(N)(t) in (22) by Dirichlet
form:∫
M˜ (N)
u∆˜g˜(N)(t)vdµ(t)dy = −
∫
M˜ (N)
g˜(N)(∇(N)u,∇(N)v)dµ(t)dy
= −
∫
RNy
∫
Mx
∇yu · ∇yv + g(t)(∇x,g(t)u,∇x,g(t)v)dµ(t)dy
=
∫
M˜ (N)
u(∆yv +∆x,g(t)v −
r
2N
tr(g˙)∂tv)dµ(t)dy,
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by integration by parts. Under the existence of the Ricci flow at desired time, the above
formula indicates that ∆˜g˜(N)(t) is of the form (22). With (22), we observe that (25) is
exactly the wave equation of the form
2t
N
∂2u
∂t2
−∆x,g(t)u−∆yu = 0. (43)
According to (43), we can start at the proof of Theorem 3.1.
Proof. Proof of Theorem 3.1. First of all, we should show that the wave equation (1)
has a solution on Y . According to the discussion above, (1) is equivalent as (43), so we
show the solvability of (43) on Y .
To show this, we check the strict hyperbolicity in the sense of Definition 5.1, and then
apply Theorem 5.1 to conclude the existence of solution on Y .
Note that Y = (t0, T ) × M˜x,g(t) × BNy , to check the strict hyperbolicity of P with re-
spect to φ, which is the defining function of ∂(Y¯ ), we check the strict hyperbolicity near
the boundary of Y¯ by Remark 5.1. It suffices to check strict hyperbolicity with the defining
function of the form φ(t, x, y) = t − t0. Since [t0, T ] is a manifold with single chart, the
expression of φ is uniform with respect to all charts that consists of the covering of Y .
As before, we consider the following equivalent PDE:
(
2t
N
∂2
∂t2
−∆x,g(t) −∆y)u = R⇔ (D2t +
N
2t
∆x,g(t) +
N
2t
∆y)u = −N
2t
R.
The solvability for above two equations are exactly the same since t ∈ [t0, T ], t0 > 0. The
corresponding differential operator for the second equation above is defined to be
P˜ (N) = D2t +
N
2t
∆x,g(t) +
N
2t
∆y.
Within any smooth chart of Y , the principal symbol of P˜ (N), denoted to be p˜(N) is given
to be
p˜(N) = τ2 − N
2t
(|ξ|2g(t) + |η|2).
Here τ ∈ T ∗t R, ξ ∈ T ∗xMx,g(t) and η ∈ T ∗yRNy . Since φ(t, x, y) = t− t0, we can translate the
time axis and consider the function φ = t with the principal symbol
p˜(N) = τ2 − N
2(t+ t0)
(|ξ|2g(t) + |η|2), t ∈ [0, T − t0].
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According to Remark 5.2, it is clear that p2 = 1 and p˜
(N) = 0 has simple real roots.
By checking Definition 5.1, we observe that φ
′
(t, x, y) = (1, 0, . . . , 0) and it follows that
p˜(N)(t, x, y, φ
′
(x)) = 1 6= 0.
Furthermore, we observe that locally within some single smooth chart, the local form of
principal symbol has
p˜(N)(t, x, y, τ˜ + τ, ξ, η) = (τ˜ + τ)2 − N
2t
(|ξ|2g(t) + |η|2).
And p˜(N)(t, x, y, τ˜ + τ, ξ, η) = 0 has two different real roots τ˜ for fixed tuple (t, x, y, τ, ξ, η).
Since the operator P˜ (N) is strictly hyperbolic with respect to φ = t, it follows that the
initial value problem of (1) has at least one solution on Y in the weak sense.
The following procedure is almost the same as in the Euclidean case. First we show
that (43) has a strong solution outside the wavefront set. Then we construct a radial so-
lution of (43) in y and analyze its wavefront set. We then show that on the hypersurface
t = |y|
2
2N the projection of this radial solution onto Rt ×Mx does solve the correspond-
ing heat equation (24), again outside the wavefront set. Lastly we show that the limit
u(t, x) = limN→∞ u
(N)(t, x, y) exists pointwisely outside WF∞ and solves (24). In addi-
tion, the initial condition is satisfied.
By Theorem 4.2, we conclude that for each N , the equation (1), or equivalently (43)
has a strong solution u˜(N) outside WF (u˜(N)), provided that the Ricci flow exists at time
T since on [t0, T ] ⊂ (0,∞), the principal symbol of the operator
P (N) =
2t
N
∂2
∂t2
−∆x,g(t) −∆y ⇒ p(N) := σ(P (N)) =
2t
N
τ2 − |ξ|2g(t) − |η|2,
is of real type, properly supported, and is a strictly positive hyperbolic operator, due to
the same argument in proof of Theorem 4.1.
We check that if u˜(N)(t, x, y) solves (43) , then so is u(N)(t, x,Ay) for all A ∈ SO(N).
We can see that in every local coordinate patch with some coordinates representation:
u˜(N)(t, x, y) solves (43)⇒ 2t
N
∂ttu˜
(N)(t, x, y)−∆x,g(t)u˜(N)(t, x, y)−∆yu˜(N)(t, x, y) = 0
⇒2t
N
∂ttu˜
(N)(t, x,Ay) −∆x,g(t)u˜(N)(t, x,Ay)−∆Ayu˜(N)(t, x,Ay) = 0, y is a dummy variable
⇒2t
N
∂ttu˜
(N)(t, x,Ay) −∆x,g(t)u˜(N)(t, x,Ay)−∆yu˜(N)(t, x,Ay) = 0,by Proposition 4.1.
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Hence we conclude that u˜(N)(t, x,Ay) solves (43), for all A ∈ SO(N), by Proposition 4.1.
We now define a rotationally invariant solution of (43) as in previous proof. We define
locally within each patch that
u(N)(t, x, y) =
1
Vol(SO(N))
∫
SO(N)
u˜(N)(t, x,Ay)dµN . (44)
Where dµN is the volume form on SO(N). It works equally well globally on M˜ × [t0, T ].
By the same reason as in proof of Theorem 4.1, we conclude that u(N) solves (43) outside⋃
WF (u(N)). Of course, u(N) is constant along the hypersurface t = |y|
2
2N .
We now analyze the wavefront set WF (u˜(N)) as well as WF (u(N)). We claim that
WF (u(N)) =WF (u˜(N)) ⊂ Σ(P (N)). (45)
Note that we can only do this analysis locally within each coordinate patch. Within each
coordinate patch, the Riemannian metric is given of the form
g˜(N) = gijdx
idxj +
∑
k
(dyk)2, gij = gij(t, x).
Here we use Einstein summation convention. Hence the principal symbol of P (N) has local
expression
p(N) =
2t
N
τ2 − gijξiξj − |η|2.
Note that gij = gij(t, x). It follows that the Hamiltonian for p(N) locally is of the form
Hp(N) =
4tτ
N
∂
∂t
− 2gijξj ∂
∂xi
−
∑
k
2ηk
∂
∂yk
−
(
2τ2
N
− ∂g
ij
∂t
ξiξj
)
∂
∂τ
− ∂g
ij
∂xk
ξiξj
∂
∂ξk
. (46)
From (46), we can see that the null bicharacteristics with (t(s), x(s), y(s), τ(s), ξ(s), η(s))
locally must satisfy the following first order ODE system
t˙ =
4tτ
N
, x˙i = −2gijξj, y˙k = −2ηk, η˙k = 0,
τ˙ = −
(
2τ2
N
− ∂g
ij
∂t
ξiξj
)
, ξ˙k = −∂g
ij
∂xk
ξiξj. (47)
From this, an immediate consequence is that
ξ˙K = −∂gij
∂xk
x˙ix˙j.
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Within the characteristic set, locally we must have p(N) = 0 which implies that η(0) ∈
WF (u˜(N)) if and only if Aη(0) ∈ WF (u˜(N)). Partially solving the integral curves above,
we have
ηk = ηk(0), y
k = yk(0)− 2ηk(0)s.
This part is the same as in Theorem 4.1, and hence we conclude that (45) holds. In addi-
tion, the propagation of singularities of u(N) for each N are along integral curves satisfying
(47).
Since u(N) is radial in y and solves (43), we see that ∆y only corresponds to radial
variation only. Along the hypersurface t = |y|
2
2N , we have u
(N)(t, x, y) = u(N)(t, x, |y|) =
u(N)(t, x,
√
2Nt), and hence the projection of solution u(N) onto [t0, T ]×Mx in each coor-
dinate patch must satisfy
0 =
(
2t
N
· ∂
2
∂t2
−∆x,g(t)
)
u(N)(t, x, |y|) −
N∑
j=1
∂2u(N)(t, x, |y|)
∂y2j
=
(∑N
i=1 y
2
i
N2
· ∂
2
∂t2
−∆x,g(t))u(N)(t, x,
√
2Nt
)
−
N∑
j=1
(
1
N
∂
∂t
+
y2j
N2
∂2
∂t2
)
u(N)(t, x,
√
2Nt)
= −∆x,g(t)u(N)(t, x,
√
2Nt)− ∂u
(N)(t, x,
√
2Nt)
∂t
.
It follows that the projection of solution u(N) of (43), or equivalently, (1), at the hypersur-
face t = |y|
2
2N onto [t0, T ]×Mx solves (24), while (t, x) is outside the projection of WF (u(N))
onto [t0, T ]×Mx. In addition, u(t, x) := limN→∞ u(N)(t, x, y) solves (24) provide that (t, x)
is outside the projection of WF∞ onto [t0, T ]×Mx in every coordinate patch.
Lastly, it is trivial to see that the initial condition is satisfied, due to the argument above
and uniqueness of solution of (24).
Analogous to the Euclidean case, we can extend the time interval [t0, T ] to (0, T ] for
arbitrarily large T . We can also consider the forward heat equation and its corresponding
wave approximation on Riemannian manifold.
Theorem 5.2. Let Y := (T, T0) × M˜x,g(t) × BNy be any open, precompact submanifold of
X := [t0, T ]×Mx,g(t) ×RNy and the boundary of the closure of Y is C1. Assume that Ricci
flow exists at some time T > 0 and supp(R(t, x)) ∈ Y where R is the scalar curvature.
Given the Cauchy problem of variable coefficient wave equation(
−2t
N
· ∂
2
∂t2
+
rR(t, x)
N
∂
∂t
− ∆˜g˜(N)
)
u = 0, (t, x, y) ∈ [T, t0]×Mx,g(t) × (RNy \{0}) (48)
u(T, x, y) = h(x),−∞ < T < t0 < 0.
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provided that h(x) ∈ C∞0 (Mx).
(i) For each N , there exists a radial solution u = u(N)(t, x, y) of this Cauchy problem with
respect to y - coordinates, i.e. u(N)(t, x, y) = u(N)(t, x,Ay),∀A ∈ SO(N), such that the
limit u(t, x) := limN→∞ u
(N)(t, x, y)|{t=−|y|2/2N} exists outside points P in the projection
of wavefront set WF∞ onto [T, T0]× M˜x,g(t).
(ii) Outsider points in P, the limit u(t, x) ∈ [T, t0]×M˜x,g(t) solves the forward heat equation
∂tu−∆x,g(t)u = 0, u(T, x) = h(x), (t, x) ∈ [T, t0]×Mx,g(t). (49)
Proof. The proof is essentially the same as the proof of Theorem 3.1, since the wave
equation is time reversible and hence we just set φ(t, x, y) = t0 − t and everything else is
essentially the same.
6 Further Discussion
As we can see, the equation, e.g., (1), has singularity when t = 0, we may fix this problem
by replacing 2tN by
2t
N + c where c is some positive number. Recall (18), (19), we anticipate
that with this setup, the coefficient ahead of ∂tt is of the form
2t
N +R(t). If R(0) > 0, then
it follows that the operator (
2t
N
+R(t)
)
∂tt −∆x,g(t) −∆y,
is the strictly hyperbolic operator starting at time t = 0 and hence we could discuss the
solution of wave equation on R>0 ×Mx,g(t) × RNy . We did a simplification of (18), saying
that we consider the Riemannian metric on Rt × M˜ as
g˜(N) = dy2 + c · r
2
N2
dr2 + g(t), r2 =
N∑
i=1
y2i . (50)
Here c > 0 is some positive constant. From (50) and the same argument as in Section 2,
we conclude with the relation t = |y|
2
2N that
g˜(N) =
(
2t
N
+ c
)
dt2 + tdω21/2N + g(t). (51)
We now compute the expression of ∆˜g˜(N) with respect to the Riemannian metric (50).
I will compute ∆˜ and then we have the following theorem.
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We study the Cauchy problem of the following variable coefficient wave equation.((
2t
N
+ c
)
· ∂
2
∂t2
+
t · tr(g˙)
2N
∂
∂t
+ some lower order derivatives in y −∆g˜(N)(t)
)
u = 0,
(52)
(t, x, y) ∈ [0, T ]×Mx,g(t) × RNy , u(T, x, y) = h(x).
provided that h(x) ∈ C∞0 (Mx,g(t)). Here Mg(t) is the noncompact Riemannian manifold
(M,g(t)) without boundary satisfying Ricci flow g˙ = −2Ric; R(t, x) is the scalar curvature
of (M,g(t)) at x ∈M ; and the Riemannian metric g˜(N)(t) on Mx,g(t)×RNy is given by (50).
Theorem 6.1. Let 0 < t0 < T < ∞. Let Y := (t0, T ) × M˜x,g(t) × BNy be any open,
precompact submanifold of X := [t0, T ]×Mx,g(t) × RNy and the boundary of the closure of
Y is C1. Assume that Ricci flow exists at some time T > 0 and supp(R(t, x)) ∈ Y where
R is the scalar curvature.
(i) for each N , there exists a radial solution u = u(N)(t, x, y) of (52) with respect to y -
coordinates, i.e. u(N)(t, x, y) = u(N)(t, x,Ay),∀A ∈ SO(N), such that the limit u(t, x) :=
limN→∞ u
(N)(t, x, y)|{t=|y|2/2N} on [t0, T ]×M˜x,g(t) exists outside points P in the projection
of wavefront set WF∞ onto [0, T ]× M˜x,g(t).
(ii) Outside points in P, the limit u(t, x) ∈ [0, T ] × M˜x,g(t) solves the backward heat
equation below
∂tu+∆x,g(t)u = 0, u(T, x) = h(x), (t, x) ∈ [t0, T ]×Mx,g(t). (53)
To check the validity of this setup, we could reduce our manifold Mx,g(t) to be the Eu-
clidean space Rnx, in which case the scalar curvature is zero. In that case, the equation (52)
reduced to the homogeneous wave equation, and all lower terms are gone.
Similarly as above, we can apply the same method to analyze the behavior of the so-
lution of forward heat equation.
Changing the metric is equivalent to changing the intrinsic geometric structure, we can
also change the topological structure of the space we affiliate. For example, the Euclidean
space wi the metric (50) corresponds to some spherical structure. We may affiliate the up-
per half plane model with negative curvature whenM has some negative curvature features.
Acknowledgement
The author would like to thank his advisor Prof. Steven Rosenberg for his support and
mentorship.
33 Wave Approximation of Backward Heat Equation with Ricci Flow
Jie Xu 34
References
[1] H.D. Cao and X.P. Zhu. Hamilton-Perelman’s proof of the Poincare´ conjecture and
the geometrization conjecture. ArXiv, (arXiv:math.DG/0612069), December 2006.
[2] L. Evans. Partial Differential Equations: Second Edition. Graduate Studies in Math-
ematics. American Mathematical Society, 2 edition, March 2010.
[3] L. Ho¨rmander. The Analysis of Linear Partial Differential Operators III. Classics in
Mathematics. Springer Berlin Heidelberg, 1994 edition edition, 1994.
[4] B. Kleiner and J. Lott. Notes on Perelman’s papers. Geometry and Topology, 12:2587–
2858, 2008.
[5] B. Kleiner and J. Lott. Singular Ricci flow I. Acta Mathematica, 219(1):65–134, 2017.
[6] Richard Melrose. Lectures on pseudodifferential operators. November 2006.
http://math.mit.edu/∼rbm/Lecture-notes.html.
[7] J. Morgan and G. Tian. Ricci flow and the Poincare´ conjecture. Clay Mathematics
Institute Monograph Series. American Mathematical Society, reprint edition, August
2007.
[8] G. Perelman. The entropy formula for the Ricci flow and its geometric applications.
ArXiv, (arXiv:math/0211159v1), November 2002.
[9] G. Perelman. Finite extinction time for the solutions to the Ricci flow on certain three
manifolds. ArXiv, (arXiv:math.DG/0307245), July 2003.
[10] G. Perelman. Ricci flow with surgery on three-manifolds. ArXiv,
(arXiv:math.DG/0303109), March 2003.
[11] T. Tao. 285G, Lecture 9: Comparison geometry, the high-dimensional limit, and
Perelman reduced volume, April 2008. https://terrytao.wordpress.com/2008/04/27
/285g-lecture-9-comparison-geometry-the-high-dimensional-limit-and-perelman-
reduced-volume/.
[12] T. Tao. 285G Poincare´ conjecture, 2008. https://terrytao.wordpress.com/category
/teaching/285g-poincare-conjecture/.
34 Wave Approximation of Backward Heat Equation with Ricci Flow
